Casimir interactions ( due to the massless scalar field fluctuations ) of two surfaces which are close to each other are studied. After a brief general presentation of the technique, explicit calculations are performed for specific geometries.
I. Introduction
Experiments to observe and measure Casimir forces have so far been performed with the geometrical setups involving two ( actually disconnected ) surfaces [1] . The original parallel plate Casimir interaction is exact for infinite plane surfaces [2] , which in practice means that valid for planes very close to each other. Effect for the parallel plane geometry were first verified in 1958 [3] . Recently the experiment for this geometry was improved to a high precision [4] . The Casimir experiments other than the above mentioned ones have been performed for a sphere close to a plane configuration [5] : which do not give rise the precise alignment problem of the parallel planes. Note that the calculation for the sphere-plane geometry gets closed to be exact if the radius of the sphere is small compared to the distance to the plane [6] . Sphere-sphere geometry has also been studied subject to the similar approximation as the sphere-plane problem [7] . The interaction of two co-centric spheres has recently been addressed [8] .
Single cavity experiments so far have not been realized [8] , which we think would be very interesting: For example inserting the data from quantum dots ( i.e. radius ≃ 10 −7 cm ) into the theoretical expression for the vacuum energy of a spherical cavity capable of confining electromagnetic field [1] , one gets ( inh = c = 1 units ) 0.5 · 10 6 cm −1 = 10eV for the Casimir energy which is of appreciable magnitude [9] . This is comparable to the total energy between the parallel plates of the latest experiment [4] , i.e. E = π 2 720d 3 (Area of Plates)≃ π 2 720(5·10 −3 ) 3 · (2 · 2)cm −1 ≃ 10 6 cm −1 . The purpose of the present work is to study new two surfaces geometries. We calculate the Casimir forces resulting from the vacuum fluctuations of massless scalar fields between surfaces close to each other. For massive fields, for any realistic experimental setups the Casimir energies are extremely small. The expressions always involve a factor e −µ△ , where µ is the mass and △ is the separation; which for electron and for nanometer distances is e −2,5·10 10 ·10 −7 ≃ e −2500 ; thus it is practically zero. After a brief outline of our approach to the surface surface interactions in Section 2, we proceed with specific examples, that is co-axial cylinders, co-centric tori, co-centric spheres and co-axial conical surfaces.The case of co-axial cylinders my offer an experimental test in the light of the recent advances in stable metal nanotubes [10] .
II. Casimir energy for the region between two boundaries which are close to each other
We first choose the suitable spatial curvilinear coordinates η j , j = 1, 2, 3 for the geometry we deal with. The corresponding Minkowski metric and the Klein-Gordon operator are then
and
The Green function is
where Φ ω(λ) (η) and ω 2 (λ) are the eigenfunctions and eigenvalues of the equation for the massless scalar field
( For massive scalar field one only changes ω 2 by ω 2 + µ 2 ; with µ being the mass ). We assume that the above equation is separable in the spatial coordinates η j . Here η and λ stand for the collection of the coordinates η j and the corresponding quantum numbers λ j ( which are specified by the boundary conditions ) respectively. The functions Φ ω(λ) (η) are normalized with respect to the norm
where A is the domain of the coordinates η j . The vacuum energy density can be then obtained by calculating the coincidence limit derivatives as:
"Reg" stands for regularization. In the specific examples it means that we have to subtract the terms ( in the Plana sum formulas to be employed over the modes ) corresponding to the vacuum energy of the free space, the boundary energy etc. To calculate the Casimir energy one needs the eigenvalues of the problem. The eigenvalues ω 2 (λ) depend on three quantum numbers λ j corresponding to the degrees of freedoms in directions η j in which we assume that the equation (4) can be separated. We further assume that after the separation of variables the eigenvalue equations in coordinates η 1 , η 2 can be trivially solved, and the corresponding quantum numbers λ 1 , λ 2 are easily obtained. This assumption does not introduce a strong restriction. In fact many problems in the literature are of that type. For example when one studies the Casimir energy inside a spherical cavity, only nontrivial problem is the radial equation in which one has to deal with the roots of the Bessel functions to impose the boundary condition [1] . In this work we employ an approximation method to calculate the nontrivial spectral parameter λ 3 , which is valid if the problem involves two boundaries in direction η 3 , which are close to each other.
After the separation, the problem in hand in η 3 can be converted into the Schrödinger form
The form of the "potential" W λ 1 λ 2 (η 3 ) and the relation between ω 2 (λ) and E(λ) depend on the choice of coordinate systems. The explicit examples are given in the following sections. The boundary conditions we wish to impose for the type of geometries under investigations are
where
. In practice these boundary conditions require dealing with the roots of special functions which are quite involved. However if the boundaries are close to each other, instead of (7) we can employ the simpler Schrödinger equation
where the constant potential in the region is given by
The eigenvalue equation (9) has the following solutions
where △ = η (13) is satisfied.
In the following sections we apply this approximation method to the specific geometries.
III. Casimir energy in the region between two close coaxial cylinders.
In the cylindrical coordinates, i.e. with the metric
the eigenvalue problem we have to solve is
After solving for the trivial coordinates z and φ we have
Here v p nm (r) are the normalized wavefunctions corresponding to the radial equation
with
The quantum number n should be determined from the boundary conditions on the co-axial cylinders with the radii r 0 < r 1 :
The solution of (17) satisfying the boundary condition at r 0 is given in terms of the Bessel functions as
where Ω nm to be obtained from the normalization
In practice however the above integral is very difficult to calculate for arbitrary values of r 0 and r 1 . The spectrum µ nm should be determined from the boundary condition at r 1 which is quite involved equation. However if the cylindrical surfaces are close to each other we can rely on the approximation method summarized in the previous section. Instead of the eigenvalue problem (17) we consider the following one
with the constant potential
The above equation is then trivially solved as
with the spectrum
For the present specific case the condition (13) is valid for △ ≪ r 0 . The Green function of the system is then easy to deal with:
where ω
We insert the above Green function into the coincidence limit formula
where "Reg" stands for the usual regularization which will be defined explicitly. The total vacuum energy per unit height is
To perform summations we use the Plana formula [1] :
In the application of the above formula to the summation over the radial quantum number n, the n = 0 term and the second term, corresponding to the surface singularity and free space divergence respectively should be subtracted. Thus the regularization stands for (in n summation )
Going back to (29) we first perform the sum over m. Note that since the argument of the square root in (29) is always positive we can replace it by the absolute value
where R 2 = r 0 r 1 . Here
); and,
It is obvious that employment of Reg ∞ m=1 does not mean that there is an actual regularization in m summation. It simply imply the usage of (31); for as it will be seen below that the first summation on the right hand side of that formula is exactly calculable.
To evaluate E 1 , we first employ (31) in n summation. The last term, i. e., the ∞ 0 dn integral term, becomes formally the same as E of (33). Thus we can write
The terms E 2 and E 3 which come from the first and second terms of (31) are
To evaluate E 2 , we write (31) as the last term of the right hand side of (30); then after suitable change of variables we arrive at
(38) We can easily estimate the upper limit of the above integrals. The first one is smaller than 1 7200 , while the second is smaller than 1 6 . Thus
To evaluate E 3 , since △ ≪ R, we can first approximate it as:
We use the formula [11]
for the integration over p, then perform the summation over n. Finally we have
which is negligible small. To calculate the main contribution (33) and the first term of of (35) we apply (30) and (31):
For (33) i. e., with a = △ and µ =
2R
, since △ ≪ R we have
Inspecting (43), for a = πR, µ =
we see that its contribution is 10
times the second term in the above expression: thus it is also negligible. The final result for the Casimir energy between the close cylinders is then:
Note that the inclusion of the second term in the above expression does not contradict our approximation of (23), for the contribution of the first term after this approximation in the potential would be of the order
It is easy to check that in R △ → ∞ limit the above result becomes same as parallel plate energy.
Finally we like to remark that, for one-boundary geometries, for example for D-dimensional ball there are satisfactory techniques to deal with the problem involving the roots of Bessel functions [12] . We may hope that these techniques may also be adopted for geometries with two-boundaries. For boundaries close to each other however, we can rely on the result of (45), for it gives the correct limit of parallel plates in
IV. Casimir energy in the region between two tori
Problem differs from the previous one by the boundary condition. Instead of (19), the solution of the e-value equation (15) should satisfy
where L is the circumference of the tori. For △ ≪ r 0 we have
where k, m ∈ Z and n = 1, 2, 3, . . .; and R 2 = r 0 r 1 as in the previous section. The total energy between the close tori is then, after employment of Plana formulas
Note that unlike the previous case, since the degree of freedom along the tori ( i. e. along z-coordinate ) is also restricted, we have to perform regularizations for the k-summation too. The first term on the right hand side of the above equation is exactly the Casimir energy for the co-axial cylinders considered in the previous section. Thus, we rewrite (49) as
In a fashion parallel to the evaluation of (40), taking the advantage of R ≫ △ we can evaluate Reg ∞ k=1 in E ′ :
using the approximation
Thus we have
Since L > R ≫ △ this contribution is negligible small in compared to LE c .
V. Co-axial cylindrical boxes of finite height.
Instead of (46), the solution of the e-value equation (15) should satisfy
with L being the height of the cylinders. For △ ≪ r 0 we have
where m ∈ Z and n, k = 1, 2, 3, . . .; and R 2 = r 0 r 1 as in the previous section. The total energy between the close cylinders is then
The first term on the right hand side of the above equality is equal to LE c , where E c is the Casimir energy for the co-axial cylinders geometry given by (45). The third term for L △ ≥ 1 can be explicitly calculated using its similarity with (51) of the previous section. Namely we have to multiply (51) by 1 2 and make a change L → 2L. Using (54) we arrive at
Since R ≫ △ we can neglect the second term of the above expression. For L > △ we have
which is small due to the exponential factor. Let us consider the second term of (58). For the sake of simplicity we omit the factor − 1 4R 2 in the spectrum. Applying the Plana formula to the summation over m we get
in which
term is very small. The main contributions to the total energy than come from the first terms of (58) and (61):
Inspecting the above result we observe that the energy is positive around L ≤ 3 2
△ ( within our approximation ). Around this value of the height, the radial force F rad = − ∂E ∂△ is repulsive. The force on the axial direction F axial = − ∂E ∂L however, is repulsive for all values of L, which forces the cylinders to become of infinite length. When L becomes longer than 3 2 △, the radial force too becomes attractive.
VI. Casimir energy between two close co-centric spheres.
We employ the spherical coordinates
and insert the solution in terms of the spherical harmonics
into the Klein-Gordon equation (4) . The resulting radial eigenvalue problem we have to deal is
subject to the boundary conditions
Here r 0 < r 1 are the radii of the spheres and n is the radial quantum number to be determined by the boundary conditions. To satisfy the boundary conditions one has to deal with the roots of the radial wave function v nl (r) which as in the previous section are the Bessel functions ( with m replaced by l + 1/2). However since we are interested in △ ≡ r 1 − r 0 ≪ r 0 limit, we can proceed as we have done in the previous section. For the radial wave functions and the eigenvalues we obtain
With the above approximated radial eigenfunctions and eigenvalues we can write the Green function as
Integrating the vacuum energy density
over the volume between two co-centric spheres we get the total energy
Applying the Plana formula to the n summation and dropping the n = 0 term and the integration over n we get
To use the Plana formula [1]
we have to get rid off the poles of the function F (n) at the imaginary axis 2 △ R ns = 2iπm. Thus we work with the function
with β > 0. Then (73) becomes
Thus the total energy in the region between the spheres is
In R △ → ∞ it is obvious that the above energy approaches the parallel plate formula.
VII. Casimir interactions of two close co-axial cones.
The geometry we like to present in this section is two cones with common axis at positive z-direction and appeces at the origin. By close cones we mean the appex angles θ 1 and θ 1 are close to each other, that is
In the above approximation the solutions we employe ( in spherical coordinates ) which vanishes at the surfaces θ = θ 0 and θ = θ 1 are
The energy ω in (82) is continuous. The Green function is ( with the cut off factor β )
Note that in this section we employ different regularization method than the previous ones. The cut off method is more suitable for the continuous energy spectra. Inserting the Green function of (84) into the coincidence limit formula and then integrating over θ and φ, we arrive at the vacuum energy density at r:
Reg β stands for the cut off regularization, that is we pick the finite part of the expression in β → 0 limit. In deriving (85) we used the formula [11]
where Q ν (x) is Legendre function of the second kind. We rewrite the expression (85) as
Applying the Plana formula to the summation over m we arrive at
e 2πm − 1 P − we get
That is
Thus E 1 is negligible small. To evaluate E 0 , we apply the Plana formula to the summation over n in (90). The formula we obtain is
Changing the variables y = t, x 2 = t 2 − k 2 (96) can be rewritten as
Inspecting the integrals over k, that is the terms
we see that both approach very fast from the value f 1 (0) = f 2 (0) = 0 to their respective asymptotic values f 1 (t → ∞) = 1 and f 2 (t → ∞) = 0.66 = 
Since △ ≪ 1, we can approximate the denominator of the first integrand as e 2△t − 1 ≃ 2△t. In the second integral making the change of variables 2△t = s , we can replace the lower boundary as 2b△ ≃ 0. Thus (103) becomes 
It is obvious that the first term is negligible compared to the second. Similar treatment shows that that the first term in (99) gives contributions of orders O(△) and O( 1 △ ) both are small. Inspecting (90) we see that the second and third terms in E 0 are also negligible. Thus the final result for our Casimir energy is :
Note that the above "density" is an expression obtained after integrating over Θ and φ. If we divide (105) to the angular integral
we obtain the energy density averaged over the angular variables:
In small △ limit the above result is in perfect agreement with the energy density in the region between two infinite planes with angle △ between them ( i. e. the wedge problem ) [13] 
